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Dissipator Placement Design for Truss Structures
via Balancing Theory

Chien-Chang Lin*
National Chung-Hsing University, Taichung 402, Taiwan, Republic of China

and

Huang-Nan Huang' and Fang-Bo Yeh*
Tunghai University, Taichung 407, Taiwan, Republic of China

Application of a balancing theory to the placement of energy dissipators for truss structures is discussed. To
apply the balancing theory, the equation of motion for a slightly damped truss structure is transformed into modal
state-space representation, which is almost invariant under balanced realization. The ratio of future output energy
to pass control input energy under state-space representation is chosen as the placement index to design the best
placement of energy dissipators. Two types of placement indices are proposed: one is for a fixed initial condition,
and the other is for worst-case design, i.e., considering all possible initial conditions. Various configurations with
different dissipator placements are designed based on the placement indices. Numerical results show that these
placement indices can be used as a good design criterion for the placement of linear-friction dissipators for truss

structures with a global property.

I. Introduction

RUSS structuresare commonly used for antennas, transmission
towers, and many critical componentsof equipment. Vibrations
induced by wind, earthquakes, and other disturbancesare important
factors for design considerations for such structures. One means
of reducing vibration is to provide sufficient damping for dissipa-
tion of energy. Passive damping is sought to alleviate the spillover
phenomenon in those modes that are not included in the controller
design.Inaudietal.! investigatedthe damping effect of energy dissi-
pative restraint (EDR) for the dynamic response of truss structures.
They developed an equivalentlinear model for design purposes and
discussed three different configurations of the EDR placement for
truss structures. However, which of these three configurations gives
the best EDR placement is not discussed. In this paper, we present
a placement index that can be used to indicate the level of damping
effect provided by each type of configuration of EDR placement.
In general, there are three common methods for the placement of
dissipators. The first method is to select the configuration with large
modal damping. Its shortcomingis that only certain specified modes
that are only applicable to the structure without mode-interactive
damping effect can be considered. Hence, if some other modes are
excited, such configurations may not provide more damping effect
than the other types. The second method, as used by Zambrano
etal., is to apply the modal strain energy first and then to select the
configuration with a larger damping coefficient. This method has
the same disadvantage as the first one. The third method is to se-
lect the configuration with a simple weighted average of the inverse
of the damping ratio. Physically, the results represent the mean-
square response of the structure to some white noise excitations.
The difficulty of this method is how to choose suitable weightings
such that the design configuration can provide more effective damp-
ing than others under different circumstances. Thus, it is necessary
to develop a global design scheme to place the damper for truss to
overcome the disadvantages of described methods. In this paper, a
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nonmodal-based method is developed to provide an overall damp-
ing effect for comparison of the amount of damping provided by
different types of configurations. Our method is similar to the third
method, but the weightings are chosen from the point of view of bal-
ancing theory, i.e., the relationshipbetween input and outputenergy
of the structure.

Many applications of balancing theory to the control of flexi-
ble structures have been studied to overcome the lack of proper
scaling properties of the modal approach. The reader can refer to
Gawronski® for more detailed information. Other studies*~¢ are con-
cerned with the sensor and actuator locations for flexible structures
using the modal and balanced coordinates. Gawronski and Lim®
derived the root-mean-square law of the Hankel singular values to
determine the actuator or sensor locationin terms of both the system
controllability and the system observability. The controllabilityand
observabilityproperties of flexible structureshave been analyzedby
many investigations’~'2 Based on these controllability and observ-
ability properties, we can performthebalancedrealizationof flexible
structure. Because there are some residual modes with lowest sin-
gular values of the joint gramian eliminated by the balancing theory
in controller design, we would expect that the passive damping is
sought to alleviate the spillover phenomenon. Hence, we consider
the possibility of applying the balancing theory to design the passive
damping for those residual modes. To the best of our knowledge,
there is no direct application of the balancing theory to the damper
placement problem of truss structures.

We first give a brief review of the controllability gramian, ob-
servability gramian, and Hankel singular values. The mathematical
models for different system realizations of truss structures with dis-
sipators are then presented. Thereafter, the index for the placement
of energy dissipators is derived based on the relationship between
Hankel singular values and global damping effect. Some numerical
examples are discussed for evaluation and illustrative purposes.

II. Balancing of Finite Dimensional Systems

In this section, we give a brief review of the basic properties
related to balancing of linear systems. Let G be a stable system
governed by a differential equation of the form

x(t) = Ax(t) + Bu(?)

: (1)

(@) = Cx(1)
wherex(t) € R",u(t) e R",y(t) e R, A € R"*",B € R"*", and
C € R’ *" are continuous real matrix-valued functions and R is a
set of all real numbers.
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It is often convenient to assume that the system is relaxed in the
infinitelyremote pass, i.e., lim, , _, x(t) = 0. The triple of matrices
(A, B, C) isarealizationof the system. Assuming this systemis both
controllable and observable, then the pair (A, B) is controllable and
(C,A) is observable.

The controllability function L. (x,) and observability function of
Lo(xo) of the linear system (1) are defined as

0
, 1
L.(xg) 2 min —/ w(®)Tu(t)dt
wel’(—00,00 2 o
x(—00)=0,x(0)=x

2
N
Lo(xo)ZE/ y® ' y(t)dt
0

where x(0) =x( and u(t) =0 for ¢ > 0. These mean that L. (x,) is
the minimum controlinput energy, which is used to drive the system
state from rest [x(—o0) = 0] to the currentstate [x(0) = x,], and that
L(x) is the free output response energy from the state atx(0) =x,
without any control input [u(t) =0, t > 0].

It is easy to verify that

1 _
L.(x0) = gx(fo Lxo,

Lo(xg) = 1x{ W, xg (3)
where W, and W, are the system controllability and system observ-
ability gramians, respectively. They are the solutions of the follow-
ing Lyapunov equations:

AW +W_A" + BB" =0, ATW,+W,A+C"C=0 (4)
and both matrices are positive definite for stable A.

The Hankel singular value o; of the system is equal to the square
root of the eigenvalue of matrix W.W,, and it is invariant under
differentrepresentationsof the system. The system’s triple (A, B, C)
is balancedif its controllabilityand observability gramians are equal
and diagonal as proposed by Moore'3

W.=W,=T? I' = diag(oy, ..., 0,)
(5)
o, #0; for i#], o; > Oforalli
where o; is the ith Hankel singular value of the system. This realiza-
tion is an ordered balanced realizationif oy > 0, > -+ > 0, > 0
to the conditions given in Eq. (5).

Any givenrepresentation(4, B, C) of Eq. (1) can be transformed
into balanced realization using the methods proposed by Glover.'*
Suppose the current state x(0) of a balanced system is partitioned
as xo = [Xo1, ..., %o,]7, then the controllability and observability
functions have the form

ifr, 1, 1,
L(‘(xO):E U_1x01+0_2x02+"'+0—x0”

(6)
1
L,(xy) = E[leél + azxéz + -4+ a,,xén]

III. Truss Structures with EDR Elements

A truss structure (as shown in Fig. 1) in which some truss ele-
ments are embedded with EDR devices to providing damping to the
structure as shown in Fig. 2 is considered. The detailed properties
and hysteretic loop characteristics of EDR devices can be found in
Ref. 1. Positions of EDR devices, as shown in Fig. 2a, are six candi-
date locations. We want to find the best locations for EDR devices
to dissipate the vibration energy of the truss structure.

First, the mathematical model for truss structures with EDR de-
vicesis presented,and then the relationshipbetween Hankel singular
values and the structure parameters of damping ratios and natural
frequencies are derived. Thereafter, the ratio of output response
energy to the control input energy in balanced realization is chosen
as the placement index for the design of EDR devices within the
truss structure.

Fig.1 Truss structure without EDR devices.

z

EDR
device

a) Configuration I

b) Configuration II

¢) Configuration III
Fig.2 Truss structure with EDR devices.

A. Mathematical Model
The motion of the structure about its initial configuration can be
described by the following differential equations:

Ne
Mio(t) + Kw(t) + ZLl.Tfi (t) = Lu(t)
i=1

M

w(0) = wy, w(0) = wy

where the components of w(¢) with dimension N are nodal dis-
placements, M is the mass matrix, K is the stiffness matrix without
the effect of EDR devices, L, is the transformation for excitation
u(t) with dimension m, f; () is the force in the ith rod containing
an EDR device, L; is the appropriate force transformation,and N,
is the number of EDR devices. The force in the ith damper can be
expressed as

[i@) = kD A1) + g[ i) (1), (1), Ky, A4 ] @)

where k9, k,(f), and ); are the parameters of the ith EDR, z;(¢) is
the previous deformation (memory) of the ith EDR, [;(t)=
sign(A;A ), and A, is the element deformation of the ith element
given by

Ai() =Liw() ©)

and g[A; (1), ; (1), z; (1), k,(f), A;] is the damping contribution from
the ith EDR, which has the form'

g(A, Lz, ky, 2
ky A if [=1and|A|> |z/Al
_ JkrA —zo+ D] if I=1land|zl <|A] < |z/Al
] -k if [=—land|A| < |z}l
ky[AA —z(A — 1] if 1= —1land|z| > |A] > |zA|

(10)
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where A = (A — 1)/(x + 1). By defining

Ne
K=K+) KVLTL

i=1

Eq. (7) can be written as

Ne
Miv(t) + Kw(t) + Y LT[ A,0).1:0). 2:0). K. 3] = Lou(t)
= (11)

Through the harmonic linearizationtechnique, Inaudiand Kelly'
developed an equivalentlinear element for EDR of the form

g0 =kA@) +c A (12)
to replace the generally nonlinear component g[A; (t), I;(t), z; (¢),
k,(f), A;] in Eq. (10); the equivalent parameters are k, = k;, o, (A) and
¢, = (2k, /T w)p. (1), where w, is the fundamental frequency of the

element with EDR in the truss structure and the functions p; (A) and
0.() are given by’

pe(h) =4

Therefore, the corresponding linearized differential equation of
Eq.(1D)is

P = (1/m)[(1 + ) cos™ & — 23v/1 ],

Ne Ne
Mib(t) + ) VLT Law(r) + (K + Zkff)LiTLi>w(t) = Lu()
i=1
(13)

The outputresponse y() can be represented by the system’s output
matrix C; and C, as

y@) =C,w)+ C,w(1)

i=1

B. State-Space Representation
If ¢; is the jth modal function for the natural frequencies w; of
the undamped system,

Ne
' Mg; = (K +y kf’LfL,-) o)

i=1

(14)
oI Myp; = §; ji=12,...,N
or in matrix form
e
MO = K+ Y kLTL |®, O'MD=1 (15)
i=1
The modal coordinates g(¢) can be represented as
w(t) = Dg(t) (16)

After incorporating the orthogonal property of the modal matrix
D=[¢p,,..., eyl the equivalentlinear system for Eq. (13) can be
written as

Ne
G+ VO LIL®G(1) + L) = O Laur)  (17)

i=1

where € is a diagonal matrix with diagonal elements w;. With the
state variable x” =[q”, ¢"], we obtain the following state-space
realization (A, B, C) of appropriate dimensions (n = 2N):

A 0 1 B 0
T2 220 B 'L, (18)
C= [Cq(D C, D]

in which Z is the modal damping matrix satisfying

Ne
Q=) VLILD (19)

i=1

Neglecting the interaction between modal coordinates, the uncou-
pled damping matrix Z becomes

. IR
Z = diag(¢)), 6 == k'ptne]LiLe,
Ji=1

i=1,2,....,N (20)

C. Modal State-Space Representation

The state-space realization is constructed based on the modal
analysis technique. Equation (17) is transformed into modal state-
space representationby the matrix T, which consists of T';

s _[1 0
TG Ve

for the jth mode in which j =1, 2, ..., N. This realization is ob-
tained as a triple (4,,, B,,, C,,) of the form

A, =diag(4,,A,, ..., Ay), B, =[B].B].....B}]

(21)
Cn =1C1,Cs,...,Cy]
where
A= | G @ B =’ C =
i e, g, | =1, | j=leg €l
j=1.2,....N

and b; =@l L,jw;, ¢, =(Cq — ;w;C)p;, ¢, =0;Cop;. Tt is
noted that the term —;fa)j in the block (2, 1) of matrix A; has
beenneglected. The component of the state vector correspondingto
the jthblockisx,; =[q; go;1”, where g; is the jth modal displace-
mentand qy; = ¢;q; + ¢, /w;, where g; is the jth modal velocity.

D. Placement Index

The input-output assignment in the present problem is fixed to
investigate the energy damping effects of different placements of
EDR devices. Two important features of a flexible structure, as dis-
cussed in Ref. 6, are used in the present analysis. First, the states in
modal coordinate are approximately orthogonal. Second, the state
matrix A in the balanced coordinates is diagonally dominant. To
identify the overall damping effect, we consider the equation of
motion given by Eq. (7) for the system. To validate the damping ef-
fects of differentconfigurations of a flexible structure, we select the
currentstate of the system to be invariantfor various configurations.
For a flexible structure with proper damping, the structure should
have spent more past input energy and exhibit less output energy.
Therefore, a placement index y (x,) may be defined as

L,(x0) xIW,x, . 5 —~ 1,
)/(xo) Lc (xO) xé‘ W,;lxo z : 0i Xy, z i o; Xoi ( )

i=1 i=1

where x(; is the corresponding component of the current state x, in
balanced representation. Before applying this index to design our
problem, we would like to understand the relationship between the
placement index and the modal damping coefficients.

Theoretically, there is no explicit relation between this index
y (x) and the overall system damping; however, the index y (x)
can be related to the summarized effect of an individual modal
damping ratio and frequency whenever a small system damp-
ing is assumed. On the assumption of a small damping such
that f < 1[¢ =max(¢;), j=1,2,..., NJ, the balanced and modal
state-spacerepresentationsare closely related ®” The corresponding
W, and W, are

W(‘ = diag(w(‘jIZ)s Wa = diag(wajIZ)

ji=1,2,....N (23)
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where w,; =bjb;/4§ja)j, w,; = (¢! iCaj +c”c”)/4§1w1, and I, is
the 2 x 2 identity matrix. Their procfuctls also diagonally dominant.
Thus, the Hankel singular values are given by

qjcqj +cT,jcvj)
16;2 2

bb c
= Jwegw,; = \/ (24)

Assuming that the modal matrix A is almost the same for all different
configurations,one can obtain the placementindex y (x,) as follows:

cley+cle,
YOEDS A0 + 43, 0] /
77T

j=1

16 Z i’b; 72(0) +4,0)] (25)
ji=1

From Eq. (25), the values of the terms qu» 0) + qgj (0) can be consid-
ered as the transformed weighting of the jth natural mode. If equal
weightings are selected, i.e., qu. 0) + qéj =1/N, then the index y

becomes
€)iCq HElicy; Norws
y = S W T f63 S (26)
tjw; =1 bb;

j=1

Typically, if the placement of an EDR device can produce
more damping, the placement index is smaller. Therefore, this in-
dex can be used to indicate as to whether a selected placement
is good or not. The placement index given in Eq. (26) is simi-
lar to the weighted average of the inverse of the damping ratio.

0 1

AWd) = _
@=1_p Zd.c.(”L.T

i=1

Ny Ny a_]|®
cLTL, —M‘(K—I—Zdl-(kf,f)—l—kf))Ll.TLi) ’ L]’
i=1

For the flexible structure with moderate damping, in general, from
the input-outputenergy point of view, we can apply the same place-
ment index to help make configuration selections. The computa-
tional algorithm for this purpose is summarized as follows.

1) Compute the mass matrix M and stiffness matrix K with di-
mension N for the structure.

2) Set up all possible configurations and the maximum allowable
number of EDR devices N,.

3) Calculate the modal matrix @, damping matrix Z, and natural
frequenciesw;; then assemble the matrix A and select proper L, and
desired outputsignalsto compute A, B, and C accordingto Eq. (18).

4) Decide the initial conditionw of interestand the corresponding
X0-

5) Compute the matrices W, and W, using Eq. (4), and then
calculate Hankel singular values o;,i =1,2,...,2N.

6) Compute the placement index y (x) for each configuration by
Eq. (22).

7) Decide on the best configuration with the smallest y (x).

Inasmuch as the proposed placement index depends on the initial
condition x,, for each special arrangement we require evaluating
the index and checking whether it is small for all possible initial
conditions. This is very inconvenientin real applications. A remedy
is to consider the worst-case y*
xE W, xo
xIWx,

It can be shown that y* is indeed the square of the largest Han-
kel singular value, i.e., y* 2012. Hence, y* can serve as a worst-
case design index. Therefore, for any given constant ¢, if we know
y* < ¢, then we must have y (xo) < ¢ for all possible xy. Although
the worst-case design provides a more convenient way to decide
the best configuration, it seems too conservative. At the same time,
for a small damping system, by use of Eq. (24) o, is approximately
related to the first damping coefficient ¢; . Thus, the worst-case strat-
egy of selecting the dissipators arrangementis highly dependent on

y* = max y(xy) = max
x0 X

the first vibration mode. Alternatively, we can choose a number of
initial conditions x,, in which we are practically more interested,
then choose the configuration with smallest placement index.

E. General Formulation
Now, we want to extend the preceding discussion to a more gen-
eral system. Consider a general linear system G
x =A(d;)x + Bu, x(0) = xg i=1,2,...,Nr
27
y=Cx

where u is the external force, y is the sensor measurement, x =
[w w]T is the state vector, and d; are indicator functions; here each
d; is used to denote whether the dissipator is placed on the ith truss
or not (d; =1 or 0) satisfying the condition

Ny
Y d=N

i=1

in which Ny is the total number of the truss elements. The modal
parameters of the truss structure are determined by A, which in turn
is determined by the indicator functions d; of the dissipators; B is
determined by the locations where the external force u is applied;
and C is determined by the locations where the deflection of the
truss is most concerned and is to be measured.

The mathematical model for our truss structure,i.e., Eq. (13), can
also be expressed in this framework with the following coefficient
matrices:

=[C, C.

where d = [d, - dy,]" is defined as an indicator vector.

The damping efficiency of dissipators depends on 1) where it
locates (d;), 2) where the external force applies (B), 3) how the
external force is changing with time ¢ [u ()], 4) where the location
of the truss is concerned (C), and 5) the initial condition (x).

The following design problem is considered: Given physically
motivated B and C, propose a design criterion to find the best ar-
rangement d of the dissipators with a total number less or equal
to N, under the action of all possible u(¢) and under all possible
deflections x,.

First, we can apply the balancing theory to solve this problem.
Choose the Hankel norm (the largest Hankel singular value) as our
placement index, i.e.,

L, (x) x; Wo(d)xo

&) =[Gl = su
y@d) =Gl L(o) SiprW(d)l

=o(d) (28)

where o (d) is the largest singular value of the matrix W.(d)W, (d)
and W_.(d) and W, (d) are the solutions of the following equations:

AdW.(d) + W.(d)A)T +BBT =0
(29)
Ad)W,@d) +W,(dAd) +C'C =

Let D be the set of all possible candidates,i.e.,

D={d=[d - dy,]"|di+--+dy, <N}

The best configuration in D is chosen to be the one that gives the
smallest y. If there exist more than one d, then we choose the one
that gives the smaller o,. We apply this procedureto all similar cases
and decide which one is the best choice. Note that because the total
number of Hankel singularvalues is 2N, which is large than N7 and
N, in general, the possibility for any two different configurationsto
have all of the same Hankel singular values is extremely low.
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On the other hand, if we are more concerned about the effect
of the external disturbances, noises, and uncertainties on the truss
structure, the Hy, criterionis adopted to design the dissipator place-
ment having a certain robust property. In this case, we choose the
placement index to be the ratio of the total outputenergy to the total
inputenergy, i.e.,

2 = y()Ty(r) de

Y@ = IGI2, = sup 22 _ qup Jp Y IO & (30)
x0 ”ullz x0 /;J u(t)Tu(t)dt

The smaller this index, the more damping the dissipators can pro-

vide. If more than two configurations have the same value of the

index, there is no obvious method to check which one is more suit-

able. Hence, we will not apply this approach to our design problem

later on.

IV. Results and Discussions

A. Verification Test

The example given in Ref. 1 is used to test the design idea. The
basic layout of the truss structure without EDR devices is shown in
Fig. 1. Three configurationscontaining EDR devices(configurations
I, 11, and IIT) shown in Fig. 2 are considered for the verification test.
The mass of the structureis assumed to be lumped at the nodes of the
top chord of equal magnitude m. The area A and Young’s modulus
E are the same for each truss element of length L or (,/2) L with or
without EDR devices. The parameters k,, and k,, of the embedded
EDR devicesareselectedtobe EA/L and0.25EA/Lor EA/(/2)L
and 0.25EA/(y/2)L for each truss element of length L or ({/2)L,
respectively, such that the same stiffness matrix K is obtained
for different configurations.

Choosing EA/mL = 1000 s~2, we obtain the modal matrix and
natural frequencies for the truss structure as shown in Fig. 1 but
without embedded EDR devices as follows:

(D:
[—0.4700 —0.5715 —0.4124 0.5278 0.0229  0.0580]
—0.7343  0.0000 0.0000 —0.6606 0.1562  0.0000
—0.4700 0.5715 0.4124 0.5278 0.0229 —0.0580
0.0976 —0.2519  0.4207 0.0566 0.6980  0.5094
0.0000 —0.4690 0.5530  0.0000 0.0000 —0.6886
| —0.0976 —0.2519  0.4207 —0.0566 —0.6980  0.5094)
w = 17.24, w, = 3031, w;y = 32.86
wy = 38.85, ws =51.11, ws = 63.32

where  is in radians per second and the columns of @ are the mode
shapesnormalizedto have unitamplitude. The correspondingmodal
damping ratios and the first six natural frequencies for different
configurations are summarized in Table 1.

Because the damping coefficients for these three configurations
are much smaller than unity, we use the modal state-space realiza-
tion to represent the dynamics of the system with initial conditions
w(0) = 0 and w(0) = 121.9¢, cm/s, which are the same as used
in Ref. 1. Three control input signals, u; (¢), u,(¢), and u;(t), and
six output signals, w;(¢),i = 1,2,..., 6, are used to construct the
realization (4,,, B,,, Cy,). Then, the output matrix C consists of two
identity submatrices C, and C, of dimensions six. They reflect the
full information of the modal states x,, (t). Thus, the Hankel singu-
lar values and the placement indices are evaluated by Eqgs. (24) and

Table 1 Natural frequencies and damping ratios for different
configurations of truss structure

Configuration Mode 1 2 3 4 5 6

I ;i 17.64 3140 3356 39.17 5343 66.23
¢ 0.0297 0.0407 0.0317 0.0103 0.0573 0.0574

I ;i 17.30 30.48 33.44 38.85 52.09 66.75
¢ 0.0041 0.0059 0.0240 0.0002 0.0251 0.0092

I ;i 17.52  31.12 3286 39.16 5149 6351

¢ 0.0206 0.0339 0.0000 0.0104 0.0101 0.0041

Table 2 Hankel singular values and placement indices
for different output matrices

Configuration o e} 03 o4 o5 o6 y
C,, C, selected as identity matrices

I 2.8864 23111 1.7826 4.9247 0.7875 0.5965 69.807

1T 7.7800 6.0711 2.2530 35.313 1.2271 1.4761 3663.6

I 3.4658 2.4438 148.61 4.9000 1.9629 2.3567 144.28
C, identity matrix and C, zero matrix

I 0.6876 0.4124 0.3077 0.7868 0.1077 0.0733 0.2235

1T 1.8691 1.0995 0.3896 5.6646 0.1700 0.1849 12.206

I 0.8277 0.4381 25.919 0.7830 0.2735 0.2957 0.4694

(25), respectively, and listed in Table 2. To verify the effectiveness
of the placementindex, configurationI with six EDR devices can be
selected as a designreference. From Table 2, because the placement
indices ¥ and y* =0} of configuration I1I is smaller than those of
configuration II and closer to configuration I, configuration III is a
better choice than configuration II with this initial condition. Simul-
taneously, we observed from Table 1 that the damping coefficients
in the third, fifth, and sixth modes of configuration III are very close
to zero, which means that this configuration has little capability to
damp out the vibrations corresponding to the third, fifth, and sixth
modes.

To understand the effect of initial condition on the placement
index, we try another initial condition w(0)=0 and w(0) =
121.9¢5 cm/s, then the computed placement indices for these three
configurationsare 10.0981,25.7675,and 4.8773 x 10%, respectively.
Under this condition, configuration II is a better choice.

Because the Hankel singular value of the structure is computed
as a function of system output matrix C through Eq. (24), the place-
ment indices are also affected. Table 2 also gives the values of
placement indices for these three configurations with another out-
put matrix C, which consists of two submatrices C, and C, as an
identity matrix and a zero matrix of dimensions six, respectively.
Although the Hankel singular values and the placement indices
given in Table 2 are different for the two types of output matri-
ces, the trends of variations between the three configurations are
similar.

This verification test reveals that the placement index can be
used to indicate the quantity of the damping effect due to differ-
ent placements of EDR devices, and this value depends highly on
the associated initial conditions and the output matrix of the sys-
tem. At the same time, itis notreasonableto selectthe configuration
just based on the magnitude of damping coefficient of a specified
mode.

B. Design Example

The same truss structure with node numbers as shown in Fig. 1
is used to demonstrate our design idea. The task is to find the place-
ment of 5 EDR devices within the given 13 candidates for the one
giving the best damping effect. These candidates are in the truss
elements connecting 7—6, 7—1, 7—2, 7—3, 7—8, 8—2, §—=3,
8—4,8—9,9—3,9—4,9—5, and 9— 10. To simplify the design
process, we assume that there is always a EDR device located in
the truss element connecting node 8—3 (the seventh candidate),
and there are four remaining EDR devices to be placed. Hence, this
problem is reduced to select the best two locations from the first to
sixth candidates due to the symmetry of the truss structure, and only
15 possible cases need to be considered.

A lumpedsystemis consideredfor modelingthe truss structure,in
which nodes 7, 8, and 9 located with mass m are applied with con-
trol forces, and the corresponding output signals (displacements)
are measured, respectively, as shown in Fig. 1. Thus, the corre-
sponding output matrix C has the identity submatrices C,, C, with
dimensions six. The EDR device’s parameter k;, is 0.75EA/L or
0.75EA/(y/2)L for each truss element of length L or (y/2)L, re-
spectively. The truss structure with 13 EDR devices located at all
of the candidates is chosen as a reference for comparison, and this
configurationis referred as the complete configuration. The natural
frequencies, damping coefficients, and Hankel singular values for
the complete configuration are computed and are listed in Table 3.
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Because the dampingratiois not consideredto be much less than one
in this case, the equation of motion is represented as a state-space
realization instead of a modal state-space representation. The com-
putational algorithm, presented in Sec. IIL.B., is used to compute
the placement index for each possible combination.

To select a suitable configuration for arbitrary disturbance, vari-
ous initial conditions given in Table 4 are used for the further analy-
sis. Table 5 lists all placementindices for 15 possible combinations
under each set of initial conditions. From these results, it is known
that the ordering of the placementindices y will change when differ-
entinitial conditionsare used. This shows that the best configuration
cannot be determined according a specified initial condition. How-
ever, we can select the best configuration by using the worst-case
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placement index y* =o7. The other way is to select a large num-
ber of initial conditions to stimulate the environmental uncertainty,
such as gust, wind, etc., e.g., we use 1000 randomly generated ini-
tial conditions for the demonstrative purpose, and then to take the
maximal placement indices y of these initial conditions.

It is seen clearly from the results of Table 5 that configuration 1
is the best choice. The result for 1000 random initial conditions
is similar to the result by the worst-case design rule. This shows
that the worst-case design rule does consider many possible initial

Table 4 Different initial conditions for ~ testing

y Conditions
) o . i w(0) =0, WwO0) =Y ¢ cmis
Table 3 Natural frequencies, damplr!g ratios a‘nd Hankel singular » w(0) = (¢, +0.5¢, + 0.25p5 +0.15¢,
values for complete configuration of design example +0.1¢p5 + 0.05¢) cm
Configuration  No 1 E 4 s 6 w(0) =0 .
g V3 w(0) = ¢, cm, w(0) =0

w; 18.78 33.96 36.65 44.16 58.54 63.51 Yrandom w(0), w(0) are given by random number generator

Complete 4] 1.0220 0.3004 0.2115 0.1835 0.1635 0.1634 for 1000 times and then y is obtained by taking
oi x 102 0.2904 0.2534 0.1572 0.1458 0.0700 0.0142 their maximum

8
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Displacement w,(#) [cm]

05 1
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Fig. 3 Time response of displacements w(t): - - -, complete configuration; ----- , configuration 1; and ——, configuration 5.
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Table 5 Placement indices ( X10°) for each configuration under different initial conditions

*

Configuration Layout of EDR placements y Y1 Y2 V3 Yrandom

Complete S 0.8434 12782 5.1038 12.435 10.365
1 S 54330 7.8867 11700 91.991 53.859
2 W 200.0 3.8200  1.5479 34932 120.00
3 W | 2100.0 44.530 51.929 40.004 160.00

4 87.870 54.793 44.253 52.896 67.400
5 W 370.0 6.8726 35.542 91.991 110.00
6 '><(]><E]>@><) 63.670 15.062 20.445 36.014 68.237

7 W“ 2700.0 21.863 110.00  48.009 390.00
8 W 860.0 18.841 81754  55.452 310.00
9 W‘ 227200  6.5624  63.807 130.00 30.000
10 W 6420.0 180.00 100.00 19.158 1680.00
11 M 300.0 65.510 25.332 23.333 170.00
12 W 170.0 37639 16321 36014  59.240
13 W 840.00 39.835 89477  29.701 200.00
14 W 7310.0 6.5858 49971  48.009  410.00
15 ’W 10460.0  4.6313 44711 64164  440.00

0.01
ll\\
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i \
0.0051 1
— t \ —_
g g
R A
OB s
£ Y
- +—=
=] =]
Q Q@
g -0.005 g
Q Q
k| =
[ j=3
£ 001 A
[m] [=]
-0.015
0 ] 1 15
Time [s]
0.01 . : 0.015
0.01}}

0.005}/
0.005
-0.005

-0.01 -0.005p

Displacement ws(¢) [cm]
Displacement wy(¢) [em]

-0.015 -0.01
0 0.5 1 1.5 0 05 1 15

Time [s] Time [s]

Fig.4 Time response of displacements wy(¢), w(¢), w3(¢), and w4(¢) with impulse control force #; (others are very small and omitted): - - -, complete
configuration; ----- , configuration 1; and ——, configuration 5.
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Fig.5 Time response of displacements w1 (¢) and w4 (¢) with impulse control force u, (others are very small and omitted.): - - -, complete configuration;
----- , configuration 1; and ——, configuration 5.

conditions. To investigate the effect of EDR dissipator on the dy-
namic response of configuration 1, we choose configuration 5 for
comparison and the complete configuration for reference. We know
in advance that the dynamic response of the complete configura-
tion is superior to all of the other configurations because since this
configuration contains 13 EDRs. Choose the initial condition to be
w(0)=[10,0, 0,0, 0, 0]” cm, w(0) =0, and then compute the time
responsesof wy, w,, wy, and ws correspondingto the complete con-
figuration, configuration 1, and configuration 5, which are shown
in Fig. 3. This test shows that configuration 5 is better than the
configuration 1, which is consistent to our selection. In addition,
we also test the vibration suppressioneffect of these three different
configurations under an impulse control force u; or u,. Their asso-
ciated time responses of displacements are shown in Figs. 4 and 5,
respectively, which indicate that configuration 5 still providesbetter
suppressionfor vibration,i.e., providesa better damping effect, than
configuration 1.

V. Conclusions

A technique for designing optimal placement of linear-friction
dissipators for truss structures has been presented. The energy bal-
ancing for a linear finite dimensional system has been briefly re-
viewed. When the square of the damping coefficient of flexible
structuresis much less than unity, the Hankel singular values can be
expressed in terms of the natural frequencies,damping coefficients,
and input-outputassignments. To date the physical meaning of each
Hankel singular value, except the largest one, is unclear; the present
result reveals that each Hankel singular value can be directly linked
to the modal damping coefficient and natural frequency of flexi-
ble structures with small damping. To investigate the placement of
EDR devices, we have set up two placement indices for selecting a
suitable arrangement of dissipators such that one is used for a fixed
initial condition and the other is for all possible initial conditions,
i.e., worst-case design. In addition, we have set up a general frame-
work of selecting the dissipators arrangementbased on Hankel and
H,, criteria. To simplify the numerical computation, the harmonic
linearization technique is used to model the nonlinear dissipator,
and the equation of motion is transformed into state-space repre-
sentation. For illustration, different dissipator placements of truss
structures have been investigated, based on the proposed placement
indices. Results show that the placement index is very sensitive to
the initial condition and the input-output signal assignments. The
larger the placement index, the smaller the damping effect that is
produced. Thus, good configurations of EDR device placements for
truss structures are those with small placement indices. For struc-
tures with small damping effect, the present method is similar to
the weighted average of the inverse of the damping ratio. It pro-
vides a global damping effect comparison instead of modal-based

selection. Therefore, the present technique is a valuable approach
for determining optimal damper placement for truss structures.
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